Let X be an analytic subset of an open neighbourhood U of the origin 0 in n . Let f : (X, 0) → ( , 0) be holomorphic with a critical point at 0 ∈ U and set V = f −1 (0). Let ε be a ball in U of sufficiently small radius ε > 0, centred at 0 ∈ n .
Introduction
Milnor's fibration theorem is a key-stone in singularity theory. This is a result about the topology of the fibres of analytic functions near their critical points. Given an analytic function f : (X, 0) → ( , 0) with a critical point at 0 ∈ X (in the stratified sense), there are two equivalent ways of defining its Milnor fibration. The first of them was given originally in [16, Thm. 4.8] for the case X smooth, and its generalisation to arbitrary X in [5, Thm. 3.9] and [12] : let Ë ε be a sphere of sufficiently small radius ε around 0 ∈ n , let L X = X ∩ Ë ε be the link of X and let L f = X ∩ f −1 (0) ∩ Ë ε be the link of f in X. Then the fibration is:
This is the version of the Milnor fibration most suitable for knot theory and the theory of open-book decompositions.
The second version of the fibration theorem also originates in Milnor's book [16] , and it is probably the most interesting viewpoint for algebraic geometry. For this, choose ε >> η > 0 sufficiently small and consider the Milnor tube
where η ⊂ is the disc of radius η around 0 ∈ . Then
is a fibre bundle, isomorphic to the previous bundle (1) . We notice that in his book J. Milnor proves only that for X smooth, the fibres of (2) are isomorphic to those of (1), but he does not prove that (2) is actually a fibre bundle, a fact he certainly knew when f has an isolated critical point and X = n (see [15] ). H. Hamm in [7] extended Milnor's work to the case when X \ f −1 (0) is non singular, and D.T. Lê [11, Thm. (1.1)] proved that (2) is a fibre bundle in full generality; he also proved that this is equivalent to the fibration in (1) . We call (2) the Milnor-Lê fibration, to distinguished it from the equivalent fibration (1) .
In this work we give an improvement of these theorems, which originates in [22] . This provides new insights on the foundations of singularity theory.
Assume X ⊂ N and let B ε be a sufficiently small open ball around 0. For simplicity, denote also by X the intersection X ∩ B ε .
Theorem 1 (Canonical Decomposition).
For each θ ∈ [0, π), let L θ be the line through 0 in Ê 2 with an angle θ (with respect to the x-axis). Set V = f −1 (0) and X θ = { x ∈ X | f (x) ∈ L θ }. Then one has:
i) The X θ are all homeomorphic real analytic hypersurfaces of X with singular set Sing(V ) ∪ (X θ ∩ Sing(X)). Their union is the whole space X and they all meet at V , which divides each X θ in two homeomorphic halves.
ii) If {S α } is a Whitney stratification of X adapted to V , then the intersection of the strata with each X θ determines a Whitney stratification of X θ , and for each stratum S α and each X θ , the intersection S α ∩ X θ meets transversally every sphere in ε centred at 0.
iii) There is a uniform conical structure for all X θ , i.e., there is a (rugose) homeomorphism h : (X ∩ B ε , V ∩ B ε ) → (Cone(X ∩ Ë ε ), Cone(V ∩ Ë ε )) , which restricted to each X θ defines a homeomorphism (X θ ∩ B ε ) ∼ = Cone(X θ ∩ Ë ε ) .
Theorem 2 (Fibration Theorem).
One has a commutative diagram of fibre bundles (X ∩ B ε ) \ V Corollary 3. Given f : (X, 0) → ( , 0) as in Theorem 1 and its Milnor fibra-
we have that every pair of fibres of φ over antipodal points of Ë 1 is naturally glued together along L f forming the link of a real analytic hypersurface X θ , which is homeomorphic to {Re f = 0 }. Moreover, if X \ V is non-singular, then this homeomorphism is in fact a diffeomorphism.
Thus, for instance, for the map z f → z 2 1 + z q 2 one has that the link of Re f is a closed, oriented surface in the 3-sphere, union of the Milnor fibres over the points ±1; so it has genus q − 1.
Notice that the hypersurfaces X θ are real analytic and Theorem 1 says they are all homeomorphic. It is natural to ask whether or not they are actually analytically equivalent. We do not know the answer.
As byproduct of our work we get a proof of Milnor's fibration theorem, (1) above, for maps on arbitrary complex analytic spaces (as in [11, 12] and [5] ). We also prove the equivalence of the fibrations (1) and (2) above.
Our proofs are inspired by the corresponding proofs by Milnor and Lê, as well as by [22] and [18] . We use the work of M. H. Schwartz about radial vector fields (see [21] ) and the work of J. L. Verdier in [26] about rugose vector fields to construct the vector fields that do the work for us. The idea of decomposing X into the hypersurfaces X θ appears already in [22, 23, 18, 19, 20] for X nonsingular.
It is worth saying that everything we do in this article can be done with Mather's controlled vector fields in [14, §9] instead of rugose vector fields. However, Verdier's clear exposition makes life simpler for us.
In section 1, we recall known results needed here on stratifications and rugose vector fields. In section 2 we introduce the real hypersurfaces X θ giving the decomposition of X and we prove, in section 3, the uniform conical structure they induce on X; this is point iii) in Theorem 1. Theorems 2 and 3 are proved in section 4.
In order to prove points i) and ii) of Theorem 1 we prove the following stronger fibration theorem: It implies in particular that all the hypersurfaces X θ are homeomorphic, and its proof allows to prove that every Whitney stratification on X induces a regular one on each X θ . This is done in section 5.
Theorem 4 and its proof also imply Theorem 2, however we prefer to keep the proof of Theorem 2 given in section 4 which is more direct, though both proofs are actually similar. For Theorem 2 we use Verdier's work to construct a rugose vector field on (X ∩ B ε ) \ V which is transversal to the fibers and its associated local flow gives a local product structure at each fiber. For Theorem 4 we make the same constructions on the blow upX; the flow we get preserves the subspace V × ÊÈ 1 , so it preserves also its complement, which is isomorphic to (X ∩ B ε ) \ V . Hence this local flow onX proves both Theorems 2 and 4.
The authors are grateful to professors Bernard Teissier, Lê Dũng Tráng and David Trotman for helpful conversations while preparing this article. The hospitality and support of the Abdus Salam ICTP (from Trieste, Italy) are acknowledged with thanks by the three authors. The first author also thanks Luis Hernández Hernández (from the University of Shefield, U. K.) for providing him the right atmosphere during the writing of part of this work.
Preliminaries
This section contains well-know material about stratified analytic spaces.
Stratifications and Whitney conditions
Let be either the real or the complex numbers. A stratification of a subset X of n is a locally finite partition {S α } of X into smooth, connected submanifolds of n (called strata) which satisfy the Frontier Condition, that if S α and S β are strata with S α ∩S β = ∅, then S α ⊂S β .
We say that a stratification {S α } of X is (real or complex) analytic if all the strata are smooth (real or complex) analytic varieties.
We are interested in Whitney stratifications. To define this, consider a triple (y, S α , S β ), where S α and S β are strata of X with y ∈ S α ⊂S β . We say that the triple (y, S α , S β ) is Whitney regular if it satisfies the Whitney (b) condition: i) given a sequence {x n } ⊂ S β converging in n to y ∈ S α such that the sequence of tangent spaces T xn S β converges to a subspace T ⊂ n ; and ii) a sequence {y n } ⊂ S α converging to y ∈ S α such that the sequence of lines (secants) l xiyi from x i to y i converges to a line l; then one has l ⊂ T .
By convergence of tangent spaces or secants we mean convergence of the translates to the origin of these spaces, so these are points in the corresponding Grassmannian.
There is also a Whitney (a) condition: in the above situation (i) one has that T contains the space tangent to S α at y. It is an exercise to show that condition (b) implies condition (a). Definition 1.1. The stratification {S α } of X is Whitney regular (also called a Whitney stratification) if every triple (y, S α , S β ) as above, is Whitney regular.
The existence of Whitney stratifications for every analytic space X was proved by Whitney in [27, Thm. 19.2] for complex varieties, and by Hironaka [8] in the general setting.
Whitney-strong stratifications
We now describe another regularity condition, defined by Verdier in [26] , improving Kuo's regularity condition in [10] . For this let A and B be vector subspaces of n , and let π B be the orthogonal projection onto B. We define the distance (or angle) between A and B by
Notice this is not symmetric in A and B. Also, δ(A, B) = 0 if and only if A ⊆ B, and δ(A, B) = 1 if and only if there exists a ∈ A such that a ⊥ B.
The Kuo-Verdier (w) condition (also known as Whitney-strong condition) for a triple (y, S α , S β ) as above is that there exists a neighbourhood U y of y ∈ S α in n and a constant C > 0 such that
for all y ′ ∈ U y ∩ S α and all x ∈ U y ∩ S β . Condition (w) reinforces condition (a), and for analytic stratifications condition (w) implies condition (b) ([26, Thm. (1.5)] or [10] ). Moreover, for complex analytic stratifications, Teissier proved in [24] that conditions (b) and (w) are actually equivalent. .2)], using Hironaka's theorem of resolution of singularities. There are simpler proofs in [13, 4] .
The following theorem summarises results from [27] and [26] . Theorem 1.3. Let X ⊂ n be a (real or complex) analytic space, and let V be an analytic hypersurface in X.
We can endow X with a locally finite Whitney-strong analytic stratification such that V is union of strata, and there exists a sufficiently small ball around 0 ∈ n , such that each stratum is transverse to all the spheres in centred at 0.
When X and V are complex analytic the Whitney-strong stratification can be made such that X \ (V ∪ Sing(X)) is a stratum and Sing(X), V \ Sing(X), Sing(X) \ V and V ∩ Sing(X) are locally finite union of strata. 
The Thom Property
We now look at regularity conditions for the space X relative to a function on it. This originates in the work of R. Thom [25] .
Let X ⊂ U ⊂ n be a complex analytic subspace of an open set U of n , and let f : (X, 0) → ( , 0) be a holomorphic function. Let {S α } α∈A be a complex analytic stratification of X and let {T γ } γ∈G be a complex analytic stratification of . We say that the stratifications {S α } α∈A and {T γ } γ∈G give a stratification of f if for every α ∈ A there exists γ ∈ G such that f induces a submersion from S α to T γ .
Consider the triple (y, S α , S β ), with y ∈ S α ⊂S β . Set
Sα (f (y)), the fibre of f | Sα which contains y.
We say that a triple (y, S α , S β ) satisfies the Thom (a f ) condition if for every sequence {x n } ⊂ S β converging in n to y ∈ S α , one has (when the limit exists):
The triple satisfies the Strict Thom (w f ) condition if there exists a neighbourhood V y of y ∈ S α in n and a constant D > 0 such that for all
Definition 1.5. We say that the stratification satisfies Thom'
Definition 1.6. We say that the map f on X has the Thom property (respectively the strict Thom property) if there is a Whitney stratification of X that satisfies Thom's (a f ) condition (respectively the (w f ) condition).
Thom property for complex analytic maps was proved by Hironaka in [9, §5 Cor. 1]. The (w f ) property was proved in [17] for the case X smooth and in [2, Thm. 4.3.2] for the general case.
Let {S α } and {T γ } be complex analytic Whitney stratifications of X and respectively, which define a stratification of f . By [2, Rmk. 4.1.2, Thm. 4.2.1, Thm. 4.3.2] one has that this stratification of f satisfies conditions (a f ) and (w f ).
Stratified rugose vector fields
Let X ⊂ n be equipped with a stratification {S α }. A stratified vector field v on X is a section of the tangent bundle T n | X , such that at each x ∈ X, the vector v(x) is tangent to the stratum that contains x.
A stratified vector field v is called rugose near y ∈ S α , where S α is a stratum of X, when there exists a neighbourhood W y of y in n and a constant
for every y ′ ∈ W y ∩ S α and every x ∈ W y ∩ S β , with S α ⊂S β . Rugose vector fields play a key-role in Verdier's proof of the Thom-Mather isotopy theorems. One also has the similar notions of rugose functions, rugose homeomorphisms and rugose vector bundles (see [26, §4] ).
The following result of Verdier is important for this article. 
2 The canonical family associated to a holomorphic map
Throughout this article X is a complex analytic subset of an open set U of n and f : (X ∩ , 0) → ( , 0) is holomorphic and non-constant. We equip X with a Whitney stratification.
Recall that a point x ∈ X ∩ is a critical point of f in the stratified sense if x is a critical point of f restricted to the stratum which contains x (see for instance [6, §2.1] for more on this subject). That is, iff is an extension of f to U , then the kernel of df (x) contains the space tangent to the stratum. One has the analogous definition in the real analytic category (see [6] ).
We define a 1-parameter family of real valued functions as follows. For each θ ∈ [0, π) , consider the real line L θ ⊂ passing through the origin with an angle θ with respect to the real axis, measured in the usual way. Let L ⊥ θ be the line orthogonal to L θ and let π θ :
→ L ⊥ θ be the orthogonal projection. Set h θ = π θ • f , so that h 0 and h π 2 are, respectively, the imaginary and real parts of f . Hence {h θ } is a 1-parameter family of real analytic functions and if we set X θ = h −1 θ (0), then each X θ is a real hypersurface. The first two lemmas below are exercises and we leave the proofs to the reader.
Lemma 2.1. The singular points of X θ are given by
Lemma 2.2. One has X ∩ = ∪X θ and
Lemma 2.3. Given a Whitney stratification {S α } of X satisfying the decomposition of Theorem 1.3, the intersection of the strata with each X θ determines a stratification of X θ such that for each stratum and each X θ one has that S α ∩X θ meets transversally every sphere in the ball ε centred at 0.
Proof. first of all, sinceS α ∩ X θ = S α ∩ X θ , it is clear that the partition of X θ induced by the stratification {S α } satisfies the frontier condition. θ (0). Let ε be a ball centred at 0 with ε small enough such that the smooth vector field constructed by Milnor in [16, Lemma 5.6] exists (i.e. ε < ε 0 , with ε 0 as in [16, Lemma 4.3] ). This vector field is defined on ε \Ṽ ; its associated local flow moves away from the origin, being transverse to all spheres around 0 and moving along points where the argument θ off does not change, i.e., the manifoldsX θ \Ṽ are invariant sets, transverse to all the spheres in ε centred at 0. We have that X θ = X ∩X θ . Let S α be a stratum of X not contained in V ; notice that S α ∩ X θ = S α ∩X θ . Consider x ∈ S α and x ∈ X θ . Since S α ∩X θ is of codimension one in S α , its normal space at x in S α is equal to the normal space ofX θ in U . In the same way, given x in S α , if Ë x is the sphere of radius x centred at 0, then the space normal to S α ∩ Ë x at x is equal to the space normal to the sphere in U . By the transversality ofX θ with the sphere, these two normal spaces are distinct. Hence, S α ∩X θ is transverse to the sphere, and so is S α ∩ X θ .
The uniform conical structure
In this section we prove the third statement in Theorem 1. First we notice that a way to proving Theorem 1.4 above, that analytic sets have a local conical structure (cf. [3, Lemma 3.2]), is to use the work of M. H. Schwartz (for instance [21, Prop. 3.1.7] ), to construct a stratified, rugose vector field v rad on X, adapted to V , which is radial at 0, i.e., it is tangent to each stratum and transverse to all spheres around 0. The same constructions apply also to each X θ . Thus, the new claim in point (iii) of Theorem 1 is that the same statement holds uniformly for the whole 1-parameter family. The proof follows from Lemma 3.1 below. [The third condition in that lemma is not needed here, but it will be used later.] iii) It is transverse to all the tubes f −1 (∂ η ).
Proof. Firstly, we construct a vector fieldw in X \ V which satisfies properties i), ii) and iii). Let ε be small enough so that the restriction of f to (X ∩ ε ) \ V ,
is a submersion on each stratum; such an ε exists by the theorem of BertiniSard-Verdier [26, Thm. (3. 3)]. By proposition 1.9, {(X θ \V )∩S α } is a Whitney stratification of each X θ \V .
As in Corollary 3, let Φ :
f (x) = e i arg f (x) . Define the real analytic map
Notice that given z ∈ \ {0} with θ = arg z, the fibreḡ −1 (z) is the intersection of X θ with the sphere of radius |z| centred at 0. We claim thatḡ is a submersion on each stratum: let x ∈ S α , by Lemma 2.3, X θ is transverse to the sphere Ë x of radius x . Hence there is a vector
On the other hand, since S α and Ë x are transverse, there is a vector ν ∈ T x S α transverse to Ë x , and since the fibre of g through x is contained in Ë x , we have that D xḡ | Sα (ν) is a non-zero vector transverse to Ë 1 x . Let u be the canonical radial vector field on given by u(z) = z. Usingf andḡ, by Proposition 1.8 we can lift u to stratified rugose vector fields w and w on (X ∩ ) \ V such that for every x ∈ (X ∩ ) \ V we have that df x (w(x)) = u(f (x)) and dḡ x (w(x)) = u(ḡ(x)).
The local flow associated to w is transverse to all Milnor tubes f −1 (∂ η ) while the one associated tow is transverse to all spheres in ε centred at 0. The integral paths of both move along X θ \ V , i.e., along points where the argument θ of f does not change. From the definitions of w andw and the fact that each stratum S α ∩ X θ of X θ is transverse to all the spheres (Lemma 2.3), one can see that the vectors w(x) andw(x) cannot point in opposite directions for any x ∈ (X ∩ ε ) \ V . This is also an immediate consequence of Milnor's Curve Selection Lemma.
Hence, on (X ∩ ε ) \ V we have that the vector field w satisfies properties ii) and iii) and thatw satisfies properties i) and ii). Gluing w andw on (X ∩ ε )\V by a rugose partition of unity we get a vector fieldw which satisfies the three properties.
Secondly, recall that on V we have a vector field v rad which is radial at 0, i.e., it is tangent to each stratum and transverse to all spheres around 0, which gives the conical structure of V ([21, Prop. 3.
1.7]).
To construct the vector field v satisfying the conditions of the lemma, we need to glue the vector fieldw on (X ∩ ε ) \ V with the vector field v rad on V in such a way that it keeps satisfying the properties. In order to do that we need to modify the vector field v rad .
Since, by Remark 1.7, {S α } is a Whitney-strong stratification on X, the radial vector field v rad can be taken to be rugose [21, Prop. 3.1.7].
We will modify v rad in such a way that for every x ∈ X \ V the new vector is tangent to a stratum of X θ \ V . We will denote the modified vector field bỹ v rad and it is constructed as follows:
In [21] the stratified radial vector field v rad is constructed by induction on the dimension of the strata [21, §1.5, Thm. 3.1.5]. To modify v rad to have the desired property one has to do it at each stage.
To start the induction, defineṽ rad (0) = 0. Now suppose that we have constructedṽ rad on the strata of dimension less than p.
Let S β be a stratum of dimension p. Extendṽ rad to a radial stratified rugose vector field v rad on S β as in [21, Thm. 3.1.5]. If S β ⊂ V , for every x ∈ S β we defineṽ rad (x) = v rad (x). If S β ⊂ X \ V , let x ∈ S β and denote by F β x the fibre of f | S β which contains x, i.e., F
. Define the vectorṽ rad (x) by projecting the vector v rad (x) to the tangent space
We claim thatṽ rad is also rugose. For this, let S α be a stratum of dimension less than p such that S α ⊂S β and let y ∈ S α . Since the stratification of f satisfies condition (w f ), there exists a neighbourhood V y of y where the following inequality is satisfied.
for all y ′ ∈ V y ∩ S α and all x ∈ V y ∩ S β . On the other hand, since the vector field v rad is rugose, there exists a neighbourhood W y of y where the following inequality is satisfied
for every y ′ ∈ W y ∩ S α and every x ∈ W y ∩ S β . Let N y be an open ball around y such that N y ⊂ V y ∩ W y and set
Let y ′ ∈ N y ∩ S α and x ∈ N y ∩ S β .
Since in V the vector fieldṽ rad = v rad and v rad is rugose, by (6) we have
Henceṽ rad satisfies inequality (4) in N y .
Let π be the orthogonal projection of n onto T x F β x . By (5) and (3) we have that
On the other hand, since π is an orthogonal projection and by (6)
Therefore using (7) and (8) we get:
Henceṽ rad satisfies inequality (4) in N y , proving thatṽ rad is rugose and therefore integrable [26, Prop. (4.8) ].
Notice that when we modify the radial vector field v rad to obtainṽ rad , it may happen thatṽ rad (x) is no longer transverse to the sphere, this is the case if the fibre through x is tangent to the sphere; it may even happen thatṽ rad (x) vanishes.
Gluingṽ rad andw on a neighbourhood of V by a rugose partition of unity we obtain a vector field v defined on all of ε with the desired properties.
Proof of Statement iii) in Theorem 1. We proceed as in the proof of [16, Thm. 2.10]:
let v be the vector field constructed in Lemma 3.1. For every a ∈ X ∩ Ë ε let p(t) = P (a, t) be the unique solution of the differential equation dp(t) dt = v(p(t)) which satisfies the initial condition p(0) = P (a, 0) = a. Clearly this function P gives a rugose homeomorphism from the product L X × (−∞, 0] onto (X \ {0}) ∩ ε .
Since V is a finite union of strata and since v(x) = v rad (x) for all x ∈ V any solution curve which touches a stratum S α ⊂ V must be contained in S α ⊂ V . Therefore, we have a homeomorphism of pairs from (
Furthermore, since the vector field v(x) is tangent to the stratum X θ ∩ S α of X θ \ V for all x ∈ X ∩ S α , every solution curve which touches X θ ∩ S α must be contained in X θ ∩ S α ⊂ X θ \ V . Clearly lim t →−∞ P (a, t) = 0, and we arrive to statement iii) in Theorem 1.
Remark 3.2. Notice that if X \ 0 is non-singular, the proof above leads to a smooth vector field having properties (i)-(iii). This yields to a diffeomorphism between X \0 and the cylinder L X ×(−∞, 0], where L X is the link of X, inducing for each θ a diffeomorphism
Let us denote by X (X\V )∩ ε the decomposition of (X \ V ) ∩ ε as the union of all (X θ \ V ) ∩ ε ; similarly, denote by
The following is an immediate consequence of the proof of Lemma 3.1. 
Proof of Theorem 2
Now we prove Theorems 2. It follows from the lemma below. Proof. Let {S α } be a Whitney stratification of X adapted to V , as in Theorem 1.3, and take ε > 0 sufficiently small such that each stratum S α is transverse to all the spheres in the closed ball¯ ε centred at 0 including
Let ε be also small enough, so that the map
is a submersion on each stratum S α0 ⊂ int ε . By Lemma 2.3, X θ ∩ S α is transverse to the boundary sphere Ë ε and therefore Φ restricted to the strata
Consider the unit vector fieldv on Ë 1 given byv(e iθ ) = ie iθ . By Proposition 1.8 (Verdier's result) we can liftv to a stratified rugose vector field v of X ∩¯ ε . By [26, Prop. (4.8) ] this vector field is integrable and since dΦ x (v(x)) =v(Φ(x)), the flow ofv is transverse to X θ with θ = arg Φ(x), proving the lemma.
The statement that the map Ψ in Theorem 2 is the projection of a fiber bundle, is now a consequence of Lemma 4.1.
To complete the proof of Theorem 2, notice that now we have a natural map
which has Φ as a lifting to Ë Notice that for each L θ ∈ ÊÈ 1 and each θ ∈ [0, 2π) one has,
The fact that Φ is a fibre bundle follows from Lemma 4.1, since the flow of the vector fieldv gives the local triviality of Φ as a fibre bundle.
Also notice that by Lemma 4.1,v is a stratified vector field on L X \ L f , therefore the restriction of Φ to L X \ L f is also a fibre bundle. This is the classical Milnor fibration (for possibly singular germs (X, 0)).
On the other hand, let η be a disc in of radius η where ε >> η > 0 and consider the Milnor tube
Since the restriction of f to (X ∩ ε ) \ V is a submersion on each stratum, we have that
if η is small enough, then all the fibres of f in N (ε, η) are transverse to Ë ε . Using Thom-Mather first Isotopy lemma and the transversality of the fibers with the boundary as in [11, §1] , we obtain that the restriction of Φ to N (ε, η),
is also a fibre bundle. This map equals the restriction of f to N (ε, η) followed by the radial projection of ∂ η onto Ë 1 , so this is the Milnor-Lê fibration (2) up to multiplication by a constant.
To prove that the two fibrations (1) and (2) are equivalent we only notice that the stratified vector field v constructed in Lemma 3.1 has its flow transverse to all spheres in ε centred at 0, transverse to all Milnor tubes and every integral curve moves along points where the argument of f does not change. Then we get a homeomorphism between the fibre ofΦ −1 (e iθ ) and the portion of the fibre Φ −1 (e iθ ) defined by the inequality |f (x)| > η. To complete the proof we must show that the fibration defined by Φ on L X \ L f is equivalent to the restriction of Φ to the points in the sphere satisfying |f (x)| > η. For this we use that the restriction of Φ to T (ε, η) = Ë ε ∩f −1 ( η \{0}) is a submersion on each stratum. Hence, again by Verdier's result (Proposition 1.8 above), we can lift the radial vector u(z) = z on η \ {0} to a stratified, rugose vector field on T (ε, η), whose flow preserves the fibres of Φ and is transversal to the intersection with Ë ε of all the Milnor tubes f −1 (∂ η ′ ) for all 0 < η ′ ≤ η. This gives the equivalence of the two fibrations; and therefore finishes the proof of Theorem 2.
In the case X \V is non-singular, the flow obtained in lemma 4.1, that carries each X θ \ V into X θ+t \ V , can be made C ∞ , which implies the last statement in Corollary 3 in the Introduction.
Remark 4.2. If X is non-singular and f has an isolated critical point then, as observed in [18] , the family of X θ \ {0} is (c)-regular, in the sense of Bekka (see [1] ). In this case, one can follow the method of [18] to construct two flows on the product X θ \ {0} × [0, π) which give in the one hand the transversality of the X θ 's with the spheres, and on the other hand a flow interchanging the X θ \ {0}'s.
A fibration theorem on the blow up
We still need to complete the proofs of points i) and ii) in Theorem 1. In order to do that, we will realize the spaces X θ as fibers of a topological locally trivial fibration.
We already know that X θ \ V is the fiber of the map Ψ used in Theorem 2. Clearly this map has its indetermination locus in V . In order to remove the indetermination we will apply the classical procedure of blowing-up the indetermination locus.
Consider a sufficiently small representative X of the complex analytic germ (X, 0) and f : (X, 0) → ( , 0) holomorphic. Set V = f −1 (0) and consider the analytic map
LetX be the analytic set in X × ÊÈ Proof. Consider a Whitney stratification {S α } of X as in Theorem 1.3. This induces a stratification Σ α onX defined by:
We claim this stratification is Whitney regular. This is Lemma 5.4 at the end of the section, and we assume it for the moment.
Notice that the mapΨ restricted to each stratum Σ α has no critical point, since outside e −1 V (V ) it coincides with Ψ, which is a submersion onto ÊÈ 1 restricted to each stratum of X \ V , since it is induced by a non-constant holomorphic function. On the other hand, the restriction ofΨ to a stratum contained Consider now a smooth vector field on ÊÈ 1 . By proposition 1.8, this vector field lifts to a rugose vector field onX that is integrable and whose flow is transverse to the fibers X θ in the stratified sense. Moreover, this flow moves triples (X θ , V, θ) to (X θ ′ , V, θ ′ ). This gives in particular the local triviality of the projectionΨ.
Theorem 4 obviously implies that the spaces X θ are all homeomorphic. Notice also that each X θ is naturally the union of three sets:
where E θ and E θ+π are the pre-image by f of the two half-lines of L θ \ {0}. The above proof of Theorem 4 shows that for eact θ the space E θ is homeomorphic to E θ+π . This finishes the proof of statement (i) in Theorem 1.
Remark 5.1. In the proof of Theorem 4, we could have used Thom-Mather First Isotopy lemma, however we preferred to use the argument on the lifting of rugose vector fields used in Verdier's proof of the Isotopy Lemma. In this way we can insure that the flow obtained interchanges the spaces X θ keeping invariant the space V contained in each of them. Hence the fibration Ψ in Theorem 2 actually arises from that in Theorem 4.
In the proof of lemma 3.1 we used the fact that the stratification on X induces a Whitney stratification on each X θ \ V . We can actually achieve a stronger result using the blow-up: Proof. Applying proposition 1.9 to the projectionΨ :X → ÊÈ 1 , we obtain that {Σ α ∩Ψ −1 (t)} is a Whitney stratification of each fiber ofΨ. Hence {S α ∩ X θ } is a Whitney stratification of each X θ . Proposition 5.2 together with lemma 2.3 prove the statement ii) in Theorem 1.
Remark 5.3. If X \ 0 is non-singular, using the decomposition
we obtain that the link of each X θ is a smooth real analytic manifold of dimension 2dim X − 2. By the nature of the flow interchanging the two halves of X θ , the gluing along the border is made by a diffeomorphism isotopic to the identity, so the link of X θ is diffeomorphic to the double of the Milnor fibre of f .
To complete the proof of Theorem 4 we still need to prove the following lemma: Proof. Note that if S α is a stratum contained in V , the corresponding stratum
We first check that this partition ofX satisfies the frontier condition. Let S α and S β be strata contained respectively in V and Sing(X), such that Σ α ∩ Σ β = ∅. Let (y, t 1 : t 2 ) be a point of Σ α , i.e. f (y) = 0. Consider a sequence of points {x n } ⊂ S β converging to y. Since the restriction of f to each stratum of X not contained in V is locally a submersion, we can choose the sequence of points x n in such a way that the sequence {(Re(f (x n )) : Im(f (x n ))} converges to (t 1 : t 2 ) in ÊÈ 1 . Hence the inverse image by e V of the sequence {x n } converges to (y, t 1 : t 2 ). So the stratum Σ α is contained in the closure Σ β . In the other cases, it is clear that the frontier condition holds. Now, we will prove this stratification is Whitney regular. If S α and S β are either both in V or both in Sing(X)\V or one in Sing(X)\V and the other is the big stratum, then it is clear that Whitney regularity on X implies Whitney regularity onX for the corresponding strata Σ α and Σ β whenever it makes sense.
Consider a stratum Σ α ⊂ e V (V ∪ Sing(X))) is Whitney regular, for every y ∈ Σ α . For this, let {x n } ⊂X \e −1 V (V ∪ Sing(X))) and {y n } ⊂ Σ α be sequences of points converging to y ∈ Σ α , such that:
• the sequence of directions of tangent spaces {T n := T xnX } converges to a linear space T .
• the sequence of directions of lines {l n := l xnyn } converges to a line l.
We claim that l is contained in T . SinceX ⊂ X ×ÊÈ 1 we can write x n = (u n , t n ), y n = (v n , s n ) and y = (v, s) such that the sequences {u n } and {v n } converge to v, and the sequences {t n } and {s n } converge to s.
A line l n can be seen as generated by the lines h n := l unvn (in n ), and k n := l tnsn (in a chart Ê of ÊÈ 1 ). We can suppose that the sequences of lines {h n } and {k n } converge, respectively, to some lines h and k (if necessary, we can extract a subsequence). By the (b)-regularity of the stratum X \ (V ∪ Sing(X)) over S α we have h ⊂ T. We only need to prove that k ⊂ T .
Consider the map
and consider the blow-up of the origin in Ê 2 . The pull-back of X by the blow-up of the origin coincides with the blow-up of the ideal generated by (Re(f ), Im(f )), and hence with the real blow-up of V .
We obtain then the following commutative diagram:
The natural partition (Ũ \ ÊÈ 1 ,Ũ ∩ ÊÈ 1 ) is a Whitney stratification ofŨ . Consider then the sequence of points {x n = (u n , t n )} and {y n = (v n , s n )} iñ X introduced above. Call {x ′ n = (u ′ n , t n )} and {y ′ n = (0, s n )} their respective images inŨ .
The point x n is not a critical point of π, since u n is not critical for ψ. So the image of T n by the tangent map of π is the tangent space T x ′ nŨ , ofŨ at x ′ n . We can suppose that the sequence of images of tangent spaces converges to some linear space T ′ . By Whitney regularity of the stratification onŨ, we have k ⊂ T ′ .
In particular, in a local chart Ê 2dimX × Ê around the point y = (v, s) ∈X, the tangent spaces T n have a component in Ê, whose image by the tangent map of π converges to some non-zero vector space. Therefore, the second component of the T n also converges to a one-dimensional vector space, that coincides with the line k. Hence k ⊂ T , proving thatX \ e V (Sing(X) \ V ) the reasoning is the same, we only need to point out that the restriction of π to the stratum Σ β has no critical point, because the original map f has no critical point outside V .
